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QhI Abstract 

^ I We investigate further our recent proposal for the form of the matrix theory action in 

weak background fields. Using Seiberg's scaling argument we relate the matrix theory 
action to a low-energy system of many DO-branes in an arbitrary but weak NS-NS and 
^ ' R-R background. The resulting multiple DO-brane action agrees with the known Born- 

' Infeld action in the case of a single brane and gives an explicit formulation of many 

additional terms which appear in the multiple brane action. The linear coupling to 
an arbitrary background metric satisfies the nontrivial consistency condition suggested 
by Douglas that the masses of off-diagonal fields are given by the geodesic distance 
between the corresponding pair of DO-branes. This agreement arises from combinatorial 
factors which depend upon the symmetrized trace ordering prescription found earlier 
for higher moments of the matrix theory stress-energy tensor. We study the effect of 
a weak background metric on two graviton interactions and find that our formalism 
agrees with the results expected from supergravity. The results presented here can be 
T-dualized to give explicit formulae for the operators in any D-brane world-volume 
theory which couple linearly to bulk gravitational fields and their derivatives. 



March 1999 



1 Introduction 



Over the past few years our understanding of string theory has developed considerably. We 
now know that the five superstring theories as well as low-energy 11-dimensional supergrav- 
ity are related through an intricate series of dualities and it has been argued that all these 
theories are limits of an underlying 11-dimensional theory called "M-theory" [|I| whose micro- 
scopic description is as yet unknown. It has been found that in addition to one- dimensional 
stringlike excitations there are higher-dimensional branes in each of these theories which 
may in some regimes be considered to be just as fundamental as the strings. In the five 
superstring theories there are D-branes of various dimensions as well as the fundamental 
string and NS5-branes. In M-theory there are M2-branes and M5-branes which are related 
to the branes of the superstring theories through various duality transformations. 

A fundamental class of problems is the identification of the world- volume action for the 
various branes appearing in the six theories of interest. This problem can be posed in a 
number of contexts of differing degrees of complexity. The simplest problem is to find the 
low-energy action for a single brane in a flat background metric with no nontrivial background 
supergravity fields. A more difficult problem is to find the action for a single brane in an 
arbitrary background metric and field configuration which satisfies the supergravity equations 
of motion. The problem can be made still harder by considering systems of many branes, 
either in a fiat or general background. Even for a single fundamental superstring the action 
in a general background including arbitrary R-R fields is not yet well understood; for recent 
work in this direction see, for example, and references therein. For single D-branes the 
situation is somewhat better. The action for a single D-brane moving in a general background 
is the Born-Infeld action which reduces to the maximally supersymmetric U{1) super 
Yang-Mills theory on the world volume in the case where the brane is almost fiat and has 
only low-energy excitations. This action is supplemented by Chern-Simons type couplings 
to background R-R fields |^, ^. Even for the single D-brane, however, there are subtle issues 
involved in giving a world-volume supersymmetric description of the Born-Infeld theory. 
For systems of D-branes, it is known that the low-energy action for parallel branes in 
a fiat background is given by the supersymmetric U{N) super Yang-Mills theory found by 
dimensional reduction from lOD [0. So far there has been little progress in describing the 
action governing systems of many D-branes in a general background. This problem is due in 
part to the absence of a nonabelian generalization of the Born-Infeld action (although one 
proposal for such an action was made in [Q), and in part to ordering problems which arise 
even in the low-energy theory in the presence of general backgrounds. 

In this paper we consider the simplest system of many D-branes in a general background: 
low-energy configurations of many DO-branes moving in an arbitrary but weak background 
of type IIA supergravity. According to an argument of Seiberg (see also |10[)) the action 
for such a system of DO-branes should be related to the DLCQ description of M-theory in 
an associated 11-dimensional supergravity background. This generalizes the BFSS matrix 
theory conjecture ||lTl , [l^, which states that supersymmetric matrix quantum mechanics 
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(the low-energy theory of DO-branes in flat space) gives a light-front description of M- 
theory in a flat background. In a previous paper |T^ we used a matrix theory formulation 
of the multipole moments of the supercurrent components in IID supergravity (derived in 



n, 0, 13 1) to propose an explicit description of the matrix theory action up to terms linear 



in the background fields, as well as an algorithm for using higher-loop calculations in matrix 
theory to find the higher order terms in the matrix theory action in general backgrounds. 
In this paper, we use our proposal for the general background Matrix theory action and 
follow the arguments of Seiberg to deduce the leading terms in the action for multiple DO- 
branes in weak type IIA supergravity backgrounds. We then perform some simple tests of 
the Matrix theory action and the related multiple DO-brane action. In the DO-brane case, 
we show that our prescription satisfies a constraint originally suggested by Douglas |jl6| that 
the masses of off-diagonal matrix elements between a pair of separated DO-branes agree with 
the minimal geodesic length between the DO-branes. This property holds also in the Matrix 
theory case where the separated objects are a pair of gravitons, and we use it to show that the 
leading order potential between a pair of gravitons in a weakly curved Ricci-fiat background 
is correctly reproduced by the proposed general background Matrix theory action. 

The paper is organized as follows. In Section 2 we review our proposal for the linear 
terms in the general background Matrix theory action. Then, using this action, we follow 
the arguments of Seiberg to deduce leading terms in the action for multiple DO branes in an 
arbitrary weak type IIA supergravity background. In section 3 we describe tests of the IIA 
and matrix theory actions. We conclude in section 4 with a discussion of related issues and 
comments on further directions. 



2 Linear coupling to backgrounds 



In subsection |2.1| we recall the proposal made in ||T^ for the terms in the action of matrix 
theory which are linear in the background fields. In subsection we use the approach 
of Seiberg to relate this matrix theory action to an action for multiple DO-branes in IIA 
background fields. This allows us to deduce the leading terms in the multiple DO-brane 
action, which to the best of our knowledge have not been previously described. 

2.1 Backgrounds in matrix theory 



In ||13| we proposed that the linear effects of a general matrix theory background with metric 
9ij = ViJ + hij and 3-form field A^jk could be described by supplementing the fiat space 
matrix theory action 

1 /■ . „ r „ „ 1 



5flat = -^/ rfrTr|-D,x,z}.x, + -[x„x,][x„x,] + e„D.e„-e„7^^[x„e^]| (i) 

ith additional terms of the form 
» oo 1/1 
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^MiJKLMNin-i„)Q^^ ■ ■ ■ di„Afjj,L^,j^{0) + fermion terms) (2) 
where is the dual 6-form field which satisfies at linear order 

dA^ = *{dA). 

In (H) the matrix expressions j-f-^^C^i -*")^ M-^'^'^^*^^^*! "*"^ are the matrix theory 

forms of the multipole moments of the stress-energy tensor, membrane current and 5-brane 
current of IID supergravity. Explicit forms for the parts of these moments depending only 
on the 9 bosonic transverse matrices X* were given in [|15[, and the terms quadratic in the 
fermions were given in |jl3[, as well as some terms quartic in the fermions. For example, the 
zeroeth moments of the components of the stress-energy tensor are given by 

T++ = -STr (1) 
R 

= lsTr(AX,) 
K 

T+- = -^STr QaX.AX, + ^F,,F,, + ^Q-f'[X\ 9]) 

= -^STr Q AX, AX, AX, + ^ AX,F,fcF,, + F^.F^^DtX^^ (3) 

--^STr (0,AX4X„, e^]) + - 27'"5fc,}«^ 

_ J_STr {QA[X^, Qp]) {7'''""] + 2i'^^5k^ + A5,,5im}ap 
ori 

+— Tr (971'=% e7'^e) 

where STr indicates a trace which is symmetrized over all orderings of terms of the forms 
Fab, and [X*,9], indices i{a) run from 1 (0) through 9, and we have defined Fqi = 
DtX'^,Fij = i[X*,X-^]. There are two types of terms which contribute to higher moments of 
these components of the stress-energy tensor 

y/j(ni2-in) _ gyj^ ^jiJ. x'\X'\..., X'") + Tfei^^-on "'"^ (4) 

The contributions Sym (STr (Y); X*^, . . . , X*") are defined as the symmetrized average over 
all possible orderings when the matrices X** are inserted into the trace of any product Y of 
the forms Fab, ©, [X\ O]. In general there are additional fermionic contributions of arbitrary 
order to the higher multipole moments, of which the simplest example is the spin contribution 
to the angular momentum 

TfiSL = ^Tr (971^%) (5) 
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The precise form of these fermionic contributions will not be important to us in this paper, 



for reasons which will be discussed in section 13.1.3 . 



The results of for the matrix membrane and 5-brane currents are reproduced in the 
Appendix for convenience. With these definitions, gives a formulation of matrix theory 
in a weak background metric to first order in the metric /i/j, the 3-form Ajjk, and all their 



higher derivatives. It was argued in that if the matrix theory conjecture is true in flat 
space, this formulation must be correct at least to order d'^h, d^A for a class of backgrounds 
which can be produced as the long range flelds around supergravity sources described by 
matrix theory objects. We conjectured further that this form may work to all orders and in 
a general background. It should be emphasized, however, that this formulation can only be 
given for M-theory backgrounds with a global U{1) symmetry around a compact direction, as 
we do not know how to incorporate dependence of the background on the compact coordinate 
x~. We only expect this action to be part of a consistent all-orders matrix theory action in a 
general background when the background satisfles the equations of motion. The derivation 
of this action also depended upon a particular choice of gauge for the graviton, so that it 
may be necessary to restrict attention to background fields satisfying the linearized gauge 

d%j = d'{hu-^Vijh^) = 0- (6) 

2.2 Backgrounds for DO-branes 

We now investigate how the Matrix theory action described in the previous section is related 
to the action for multiple DO-branes in background type IIA supergravity fields. 

In the case of a fiat background, the Matrix theory action may be derived by showing 
an equivalence between the DLCQ limit of M-theory in a fiat background with N units of 
momentum around the circle and a particular limit of type IIA string theory with N DO- 
branes 0. In this limit, the only remaining degrees of freedom are the lowest energy modes 
of open strings ending on the N DO-branes. The dynamics of these modes are in general 
described by a non-abelian generalization of the Born-Infeld action whose complete form is 
not known. However, in the appropriate limit of type IIA string theory, most of the terms in 
this action vanish, and we find that the dynamics of DLCQ M-theory in a fiat background 
are described by an action equivalent to the dimensional reduction of D=10 super Yang-Mills 
theory to 0+1 dimensions. 

The action for Matrix theory with background supergravity fields given in the previ- 
ous section has been derived completely within the context of Matrix theory. However, in 
principle, one should be able to apply Seiberg's arguments to this case also and derive the 
same action as a limit of the action for DO-branes in type IIA string theory with background 
supergravity fields. Again, only particular terms in the D-brane action will survive in the 
appropriate limit, but unlike the fiat space case, not even these terms are known except in 
the case of a single brane. Hence, in the case = 1, we should be able to rederive our 
result from previously known facts about D-branes, but more importantly, we will be able 
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to apply the arguments in reverse for > 1 to derive previously unknown leading terms in 
the action for multiple DO-branes in an arbitrary weak type IIA supergravity background. 
Using T-duality, our result may be extended to give leading terms in the actions for all other 
types of D-branes. 

2.2.1 Relationship between DLCQ and type IIA backgrounds 

We now review the steps taken in as they apply in the case of weak backgrounds to make 
precise the relationship between the matrix theory action and the multiple DO-brane actions. 
In particular, we must determine the relationship between the D=ll supergravity fields 
appearing in the Matrix theory action and the type IIA supergravity fields appearing in 
the related DO-brane action. 

We start by considering M-theory with background metric 

gij = Vu + hij 

in a frame with a compact coordinate x~ of size R which is light-like in the flat space limit 
hij = 0. This theory can be described as a limit of a family of space-like compactified 
theories. Defining an M-theory with background metric 

gij = Vu + hij 

in a frame with a spacelike compact direction of size Rs, the DLCQ limit of the original 
M-theory can be found by boosting the M-theory in the x^^ direction with boost parameter 
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and then taking a limit Rg — > 0. The metric gu in the M-theory is related to that of the 
original M-theory by 



hij 


— hij 


hoi 


a , 1 , 

= -i=h+i H i=h 


hioi 


- " • ^ h 


hoo 


= K- + Y + 


/ilOlO 


= -h+- + Y 


^010 


1 

= — h>+ -h^ 

2 2a2 



2a2 
1 

^2^' 
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where we have defined 



a = 7(1 — = 7 — ^7^ — 1 



RV2 



+ 0{{RJRY) 



M-theory on a small spacelikc circle of radius Rg is equivalent to type IIA string theory 
with background fields given to leading order by: 



2 



1010 



(f> = ^^1010 

and parameters 

gs = {RsMpf'\ Ms = Rl'^Ml''' 

where Mp is the eleven-dimensional Planck mass. Here we have defined Qs to be a constant 
and chosen the dilaton so that = in the case of a circle of constant size Rg with 
hiQ 10 = 0. Thus the effective string coupling is given locally by the combination 



Combining the two equivalences, we conclude that DLCQ M-theory with N units of momen- 
tum on a lightlike circle of size R and background metric gu is equivalent to the i?^ — > 
limit of type IIA string theory with N DO-branes, parameters 

gs = {RsM,f'\ Ms = Rl'^Ml'^ 

and background fields 



1, 11 A _ 
"■00 — 


3^. »\ 1 , 


"Oi — 


a 1 


"ij — 


1 

hij + ^6ij{ h+- + 2 ^++ + : 




3, 3a2 3 , 


Co = 




Ci = 


h ■ ^ h ■ 
V2 +^ aV2 



2q;2 



h-) (7) 
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At first glance, such a limit seems problematic. In particular, it appears that for fixed 
finite values of the DLCQ metric components, the background fields of the equivalent type 
IIA theory diverge in the limit -R^ — > since 1/a ^ oo. However, recall from the fiat space 
case that without a further rescaling of the parameters in the type IIA picture, the energies 
of the states we are interested in go to like Rg. As we shall see, the appropriate rescaling of 
parameters which makes the energies we are interested in finite without changing the physics 
also ensures that the apparent divergences of background field components do not lead to 
divergent terms in the final action. 

Another feature of this action is that after the appropriate rescaling the characteristic 
length scale L associated with the structure of the metric becomes much smaller than the 
string length l/Mg. While this may seem unusual, it is precisely what is needed for the 
physics of the system to be completely captured by the open string theory describing the 
DO-brane theory at substring scales studied in Jl^. Indeed, for compact manifolds such as 
tori, it is this effect which makes it possible for the wrapped string modes corresponding to 
momentum excitations on the dual space to become physically relevant |18|, |[. 



2.2.2 = 1 actions 

We now use the correspondence just discussed to make an explicit comparison between the 
matrix theory and IIA descriptions of a system of 0-branes in a weak background field. We 
begin with the case A^ = 1. Here, both the Matrix theory and DO-brane actions are known, 
so we would like to check that the Matrix theory action may be derived from the DO-brane 
action before proceeding to the case A^ > 1 where the DO-brane action is not known. For 
the case A^ = 1, the Matrix theory action (|l],H) reduces to 

1 /■ fiV 1, ... . , ...... 1, ... .i.j 



i f \ X L ■ i 

S = y y + 2^++i^) + h+i{^)x' + -hij{x)x'x^ 



I 1 1 

+ -h+_{x)x'^ + -h^i{x)x^x' + -h {x)x^ 

II o 

In this case we expect the action to describe a single graviton in curved space with unit 
momentum along the lightlike circle. Such an action was derived from supergravity in ||14|| ; 
expression (|) is indeed identical to the supergravity result given by equation (13) in that 
paper. 

The world-volume action for a single DO-brane moving in a general type IIA background 
supergravity fields is given by 

Sua = -To f d^e"'^^g^,{dx^^/dO{dx'^/dO + rJ C^dx^ (9) 



where 0, g^y, and are the background dilaton, metric, and R-R one- form fields, and the 
parameter tq is the DO mass, given by 

Ms 

To = . 

9s 
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One can also consider background R-R three form C^^^a and NS-NS antisymmetric tensor 
B^i, fields, but these do not couple to a single zero-brane. 

According to the equivalence presented in the previous section, the Matrix theory action 
(§) should arise from the DO-brane action (|^) by rewriting the type IIA background fields in 
terms of the desired DLCQ supergravity background using the relations (|^, then rescaling 
parameters and taking the limit i?^ — > 0. We will now verify this explicitly. Choosing a 
gauge in which the coordinate time x° is identified with the worldvolume time ^ we first 
expand the DO-brane action to leading order in the background fields, giving 

5 = -To 1 rfe {(1 - vY^\l - 0) - ^(1 - t;')-^/'(/io'o^ + 2ho^v' + h,vV) -Co- Qv'^ 

(10) 

where = x\ We now write the IIA background fields in terms of the background fields in 
the equivalent DLCQ M-theory using (0). Keeping only the leading term in Rg/R for each 
of the components of the metric hjj, we find 

s = + + (11) 

Many of these terms seem to diverge in the Rg —>■ limit we are interested in. However, as 
mentioned above, this scaling is deceptive, since we must rescale parameters in the theory so 
that the energies of the states we are interested in remain finite rather than going to zero in 
the limit. Indeed, from the fact that the conjugate momentum has a leading term of order 
v/Rg it can be seen that all the terms in ([TT|) which are linear in the background contribute 
to the Hamiltonian at order Rg. Thus, as we need for the Seiberg limit, the energy of the 
states of interest scale as Rg. 

We may now perform the rescaling of f^] by replacing 

R ^ {^y/^R, X ^ (^)'/'f, h{x) ^ h{x). 
R R 

Note that the change of variables in the second replacement combines with the rescaling of 
dimensionful coefficients in the expansion of h to leave h{x) unchanged, as suggested by the 
final replacement. 

With these redefinitions the action (pUf ) becomes 

S = |cie{-;^ + ;^Q/^++(^) + /^+^(x)t;^ + ^/^.,(x)t;V 

1 v"^ 1 1 
+ -h.(x)v'^ H h -hAx)v'^v' + -h__(x)v^ 

The first term is divergent in the Rg ^ limit and arises from the BPS energy of the single 
0-brane; this term also appears in the flat space theory and is discounted in the matrix theory 
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limit. Dropping this term gives precisely the matrix theory action described by in the 
= 1 case. Thus, we have shown that the known Born-lnfeld action for a single DO-brane 
correctly reproduces the matrix theory action in a weak background when the proper limit 
is taken. 



2.2.3 N >1 actions 

We now turn to the case > 1. Here, the appropriate action for multiple DO-branes is not 
known, but by requiring that it reproduces the general background Matrix theory action in 
the Seiberg limit, we will be able to deduce its leading terms. 

We first write down the DO-brane action in terms of the unknown quantities coupling to 
the background fields. We define quantities couphng linearly to each of the background 
fields, so that to leading order in the background fields, the action for DO branes is 



oo 1 r 1 

kdk, ■ ■ ■ d^y^j") ir^'^-'"^ + (4, ■ ■ ■ d,j) if^-'-^ (12) 

n=0 '"• '-'^ 

IJ.{ki---k„) I I'rj^ Pt, n \ TfJ-i^>^po-T(;{ki---kri) 

^vXpuriki ■■■kn) 



f 1 

-S" = 5'flat + dty^—r 

+{dki ■ ■ ■ dk„Cfj_) Jq + {dki ■ ■ ■ dk„C ^yxparc) h 



Here, S'flat is the fiat space action for N DO-branes, whose leading terms are the dimensional 
reduction of D=10 SYM theory to 0+1 dimensions. The complete form of the higher order 
terms in the flat space action is not known, but these terms vanish in the Matrix theory 
limit. We assume that the background satisfles the source- free HA supergravity equations 
of motion so that the dual flelds C*, S, C*^^-* are well-defined 7-, 6- and 5-form fields given (at 
linear order) by 

dC = *dC, dB = *dB, dC^^^ = *dC^^\ (13) 

The sources l2n are associated with Dirichlet 2?t,— brane currents, while the sources Ig and 
/s are associated with fundamental string and NS5-brane currents respectively. It may seem 
surprising that a system of DO-branes can give rise to a nonzero D2-brane, D4-brane or 
D6-brane charge. Indeed, the integrated higher brane charges must vanish for a system 
containing a finite number A^ of DO-branes. Even for N = 2, however, a DO-brane configura- 
tion can have nonvanishing multipole moments of higher D-brane charges. This essentially 
arises as the T-dual of the result that the nth power of the curvature form F on a Dirichlet 
Dp-brane carries {p — 2n)-brane charge |jl9|, see and references therein for a further 



discussion of this issue. 

The problem we address in this subsection is the determination of the HA currents 
under the assumption that this action reproduces the matrix theory action (§) in the Seiberg 
limit. As we will see, the leading terms in all the currents other than can be determined 
and are related to the matrix theory supercurrent components tabulated in the Appendix. 
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For the case = 1 we see from (p!0[) that the nonvanishing source components are 



^00(fci- 


■ '^n ) 


^(l_i;2)-l/2^fc,...^fc„ 

hi 
± 


jOi(ki- 




^(l-x2)-^/Wi---a;'=" 
Kg 






^(1 -x2)-l/23.*3,i3,fci ...^.fcn 
-Tic 




■ '^n ) 


Rs 


Mki- 
^0 


■■^n) 




-'o 




X^X^"*" ■ ■ ■ 



(14) 



In the nonabehan case > 1, the quantities Ix will be some complicated functions of the 
N X N hermitian matrices X* as well as the fermionic matrices G. For each J, we can make 
an expansion analogous to expanding in velocities for the = 1 case. We write 

where n counts the dimension of a function of the matrices X, G, giving X dimension 1, X 
dimension 2 and G dimension 3/2. If we do a similar expansion for the flat space action 
5*0, we find that it is precisely the n = 4 terms that remain in the Matrix theory limit, the 
higher order terms being scaled to zero. In the general background case, the Matrix theory 
action will arise from terms J„ with n < 8 (and their higher moments), so it is these terms 
that our analysis will determine. 

We now proceed just as in the = 1 case. We begin by working through the details of 
the analysis for those terms coupling to the IIA graviton, dilaton and R-R 1-form field. These 
terms are the most complicated. The analysis for the remaining bosonic fields is described 
at the end of this section. 

By the Seiberg equivalences, the Matrix theory action with background supergravity fields 
should result from replacing the IIA background fields in (|12D with their DLCQ counterparts 
(0), rescaling parameters as above, and taking the limit Rs 0. Before rescaling, we find 
that the DO-brane action becomes 

+ {V2a)-'h_,{2l',^ - 2/a 

(15) 



S — Sfiat — - I dt 



+(v^«)/.+,{/°' + /a 

+ (V2a)V4i/r + ^/r + ^/^ + ^/o°} 
+ {higher moment terms}] 
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The higher moment terms have exactly the same form as the terms written, for example the 
full set of terms linear in would be 



-I 
R 



Because the distance scale associated with the metric is rescaled along with the transverse 
coordinates in the rescaling of 0, the rescaling of the partial derivatives in these expressions 
cancel the scaling of the moment indices. Thus, the higher moment terms which remain in 
the Rg ^ limit are precisely those corresponding to 0th moments which remain in the 
limit. The only terms in ([T5|) which remain in the limit other than the leading divergent 
DO-brane energy term should be finite terms corresponding to the matrix theory action (Q). 
All terms which are linear in the background and carry positive powers of R/Rg in the 
limit must cancel for the IIA action to agree with the matrix theory action. This gives a 
number of restrictions on the parts of the IIA currents with particular scaling dimensions. 
The constraints arising in this fashion for the integrated (monopole) currents are 



(16) 





3^ 


- 2/°)o 


= 


+ 2^ 
+ 2^ 


3^ 
3^ 


- 2/°)4 


= 


- 2/o°)8 


= T~ 






-^0)2 


= 






-^0)6 


rp — i 

= 

_ rpij 




2^ 
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2^ 


2^0)4 


= 2T+- 






+ ^0)2 


= 


_i_ i pi 


3^ 

+ 3/.+ 


2^)o 


= T~^+ 



We will assume that the degrees at which a given current has nonvanishing contributions 
are the same as in the N = 1 case. These are the terms for which we have explicitly written 
constraints in (pIB]). This assumption agrees with what we know about the nonabelian Born- 
Infeld action. If this assumption is incorrect, there may be additional terms appearing in the 
IIA currents at other orders which do not contribute to the matrix theory action. Identical 
relations to ([1^) must hold for the quantities coupling to higher order terms in the Taylor 
expansion of the metric. 

Solving the constraints ([l6|) , we find 

joo ^ + T+- + {l'l^)^ + 0{v^) 
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jjj ^ r^ + {r^), + o{v') (17) 

h = T++ - V- - + (J<^)8 + 0(t;6) 

tO _ rp + + 
1q — 1 

ji rp+i 

1q — 1 

Here, we have assumed that the one-form field components Cq and Ci should couple to 
the DO-brane charge N/R = T^^ and spatial current Tr {X^)/R = T^* so that the last two 
expressions are exact. The fourth order quantities (/°°)8, {.Ih)?,i and (/(/,)8 are not completely 
determined by our analysis, but they must obey the relation 

+ \lt + lh)s = T- 
From the = 1 results (^4|) we expect that 

(/Hs = ^T- + (/r)8c 
(7^8 = 2r- + (/n8e 

ih)^ = -\T- + {h),c 

where {I)sc are quantities of order which contain commutators or fermions and which 
vanish in the N = 1 case of a single spinless graviton considered in the previous subsection. 

Additional information about the currents should follow from the conservation of the DO 
brane stress-energy tensor Ij^'^ix) which is defined in terms of the moments ' As 



discussed in [^, the relation D^If^ = implies 



j-Oflikl-'-kn) jklfj,{k2---kn) . . YknfJ,{kl---kn-l) 

^t^h — + ■ ■ ■ + 

In particular, {1^)8 should be precisely determined by 

(11% = (9,T+^(^-) + 9,T-^(^-))8. 

So far, we have only dealt with the case of a background metric h, dilaton field and R-R 

1- form field C. The same sort of analysis can be applied for backgrounds having nonvanishing 

2- form B or 3-form C*-^-* fields and their duals, and in fact the analysis is simpler in these 
cases. In order to describe nontrivial background antisymmetric tensor fields, we must 
generalize the relations (^ which connect the IIA background fields to the IID background 

3- form field through the Seiberg limit. The B and C^^^ fields are related to components of 
the 3-form field through 

Boi = AiQ oi = — i 

a 1 
Bij = AiQ ij = --j=A^ij — ^^y^^-^i 
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r'*^'^-' — A--, — A--, 

The constraints on the string and D2-brane currents analogous to ( [T^ ) are then 

= (If )o 



from which we can determine 



(3Jf - 11% 


= 


(/f)4 


= 3J+- 








= 6J+'^ 


(3/f ■ - 11% 









(18) 



If = 3J-* 

jijfc = r^f^ + oiv^) (19) 

If = + (/0^^)e + 0(r;5) 



where the terms on the last two lines must satisfy the final relation in (|T8]). In addition, 
conservation relations for Ig suggest that 

from which it follows that 

(11% = -3dtJ+-'^'^ = -3J-'\ ilf')e = 

There are a number of comments worth making about the identifications (p!9|). First, note 
that the factor of 3 appearing in the currents Ig arises from our somewhat unconventional 
choice of normalization for the couplings ApJ^ between a p-form field and its associated 
current. Often, a factor of l/p\ is included in the definition of this coupling. With that 
redefinition of the currents, the factors of 3 in our relations would disappear. We have 
chosen our convention for the coupling to conform with previous literature on the subject. 

Next, we briefly discuss the physical interpretation of the leading terms in (|l9l). The 
leading term J+*-^ in Jj*"' is the total membrane charge of the DO-brane system. This result 
is the T-dual of the statement that / F on a p-brane is the total {p — 2)-brane charge 
coupling to the {p— l)-form R-R field Although one might think that this should be the 
only contribution to the D2-brane charge of the system, additional contributions may arise 



from the geometry of the brane embedding ||2^, |23|, ^ Note that while for finite N 
the integrated membrane charge J"*"*-^ = Tr [X*,X-^] vanishes identically (since a finite size 
system can have no net membrane charge) the higher moments of the D2-brane charge can 
be nonvanishing and will couple to the derivatives of the C^^^ field. 
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The leading term in J^* is the net string winding charge in direction i; this is simply the 
T-dual of the Poynting vector giving momentum on a dual D-brane. The leading term in 
the current Pj is perhaps somewhat surprising. Although this term itself vanishes for finite 
size matrices, as mentioned above, the first moment is nonvanishing. The existence of this 
term indicates that there will be a coupling in the multiple DO-brane action of the form 



d[iBjk]TT (Xt^X^X^l + fermions). 



(20) 



We are rather confused as to the physical origin of this term. Indeed, this term plays a 
puzzling role in several related situations. For example, after compactification on T^, the 
term J"*"*-^ should be related by a duality transformation to the NS5-brane charge of the IIA 
theory p6[, which we discuss below. It may be possible to understand the role of this term 
in the theory by studying a T-dual system such as a dual multiple D3-brane configuration. 
We discuss the connection with the dual theory briefly in the last section of this paper. 

Now let us consider the currents coupling to the dual fields B and C^^\ These currents 
can be derived in a fashion precisely analogous to the above argument by considering the 
fields related to the dual 6-form A of the IID theory. We find 



(21) 



jOijkl 
-'4 — 






riiklmn 

h 


^ijklmn ^ (^^^i^ 




jQijklm 

-'5 — 


j^+ijklm _j_ ^jOijklm^ 


+ Oiv^) 


jijklm 


QM^'^^^"" + (ji^'^'")j 


, + 0{v') 


Q^jOijklm 


)6 - {if'n^ = 6M- 


-ijklm 



where 



Just as for J^, conservation relations for J4 suggest that 



Tijklm 



from which it follows that 



0. 



The leading term in J^*-''^' is the net D4-brane charge This is the dual of the 

instanton number on a Dp-brane. Unfortunately, we only know from matrix theory the 
components of the 5-brane current M~^'^^^'^^ with one — index. Thus, we can only determine 
the leading term in the components J^*-'^' of the D4-brane current, and we have no information 
about the leading terms in the remaining components of I4 or any components of the NS5- 
brane current J5. The absence of any known operator for the transverse 5-brane charge 
jy^+ijkim matrix theory is an infamous problem. No operator of this form appears in 
the supersymmetry algebra or in the one-loop effective potential |T^. Nonetheless, we 
should expect higher moments of this operator to appear, corresponding to local transverse 
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5-brane charge. It has been argued that in a T-dual 3-brane picture the desired operator 
is S-dual to the charge of a D5-brane perpendicular to the 3-brane (described by the 
operator J^*-' mentioned above), ahhough no exphcit description of this dual operator has 
been given. It would be nice to have a better understanding of these terms in the multiple 
DO-brane action. 

Finally, we consider the currents coupling to the dual field C . We expect the IIA 6-brane 
current to couple to this field. Unlike the other branes whose currents we have considered, 
the IIA 6-brane does not arise in a simple fashion from the dimensional reduction of the 
membrane or the 5-brane of IID M-theory. Rather, the IIA 6-brane represents a nontrivial 
metric of Kaluza-Klein monopole form in the IID theory. Nonetheless, in [|l^ we found a 



matrix theory description of interactions between such metrics and 0-branes. This appeared 
in the form of a term in the 2-body matrix theory potential which coupled the 0-brane stress 
tensor to a lOD 6-brane current 5'/^''p-^°'™. Since this current already has an essentially lOD 
form, it is natural to map it directly to the 6-brane current we expect in the IIA theory. 
Thus, we believe that the 6-brane current of a system of many 0-branes which couples to 
the background C field will be given by 

jOijklmn ^ g+ijklmn ^ Qi^^b^^ ^22) 
jijklmnp ^ijklmnp _|_ (^^^6^ 

where the matrix theory form of the 6-brane current is given in the Appendix. 

2.3 Summary of results for multiple DO-brane action in IIA 

We summarize here our results for the terms in the multiple DO-brane action which couple 
linearly to the background fields of type IIA supergravity and their derivatives. The full 
action including all linear terms is given by ([T^) 



r °° 1 

•' n=0 "■■ 



oo 1 r 1 



■ ■ ■ dk„^ti) ^0 + [Oki ■ ■ ■ Ok^L-f^uXpuTC) -'e 



YP,v\puTik\ ■■■kn) 



+ {Oki ■ ■ ■ Okn^^ux) h + {Ok, ■ ■ ■ Ok^^-'^uXpa) h 

The multipole moments of the stress tensor Ih and currents coupling to the background 
dilaton and R-R 1-form field have leading terms given by The currents coupling to the 
NS-NS antisymmetric 2- form field and the R-R 3-form field have leading terms given by ([T^). 
Of the currents coupling to the duals of these two fields, we have only been able to identify 
leading term in the the moments of the 4-brane current component J^'^^^'- as described in 
(Pip. We believe that the leading terms in the components of the 6-brane current coupling 
to the dual of the 1-form field are as given in (|2^). 
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We have derived these results based on our proposal in |13] for the form of the matrix 
theory action in weak background fields and Seiberg's scaling argument. Our results agree 
with the known terms in the = 1 Born-Infeld action, and with the known BPS charges of 
the multiple DO-brane system. In the following section we give a simple test of the results 
for the terms coupling to the background metric. Further possible tests, applications, and 
extensions of these results are discussed in the concluding section. 



3 Tests of the action 

In this section, we test our proposals for the general background actions through two related 
calculations. First, we consider the DO-brane action in a background describing two seperated 
branes in a curved space {hij ^ 0). We determine the masses of off diagonal bosonic and 
fermionic fields and show that these exactly match the geodesic distance to leading order in 
h in agreement with the constraint suggested by Douglas. Next, we consider the analogous 
background in matrix theory and compute the leading order one-loop potential between two 
gravitons in a curved transverse space, showing that curved-space supergravity predictions 
are reproduced. 



3.1 The geodesic length criterion 

One of the earliest discussions of the problem of formulating a low-energy theory for many 
DO-branes moving in a curved space was given in [|^. In that paper, Douglas argued that 
one of the most basic conditions which such an action must satisfy is that in a background 
corresponding to a pair of DO-branes living at points x and y there should be light fields 
with masses equal to the geodesic length between these points. This condition, together with 



additional axiomatic assumptions, was used by Douglas, Kato and Ooguri in to give the 
first few terms in the DO-brane action on a general Calabi-Yau 3-fold which preserves some 
supersymmetry. In this section we show that our formulation of the linearized coupling to a 
weak background in the multi-DO-brane action satisfies Douglas's geodesic length criterion. 



3.1.1 Setup 

We wish to consider a pair of DO-branes at separated points in a weakly curved space. We 
assume that the transverse metric is described by a small perturbation about a fiat back- 
ground, gij = 6ij + hij, while the other components of the metric and the other background 
fields are trivial. Without loss of generality, we choose coordinates so that one brane is at 
the origin, while the other has transverse coordinates r*. The situation is described by the 
multi-DO-brane action (|l2l) with non-zero hij and fields expanded about background matrices 
as 



A" = '„ + I. , (23) 
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® ( ) + ( ^0 ' 

Here, the fields (, z, rj, and x represent fiuctuations about the background. The geodesic 
length condition formulated by Douglas states that the masses of the off-diagonal fields z 
and X; which arise from strings stretched between the separated branes, should precisely 
match the geodesic length measured by the metric hij between the points and r*. We will 
now compute both the geodesic length and the oscillator masses and show that they agree. 



3.1.2 Geodesic distance 

We begin with the geodesic length between points and r*. This geodesic length is the 
minimum value of the length 



ds= ^Jgijdx'dx^ (24) 

<^ 

taken over all paths 7 between the two points. Because the geodesic path is an extremum of 
this functional, the variation of the length under a small variation ^7 of the path is of order 
(57)^. Since we are interested in changes in the length which are linear in the background 
metric, we can therefore neglect effects from the change of the geodesic path and simply 
evaluate the change in the geodesic length by integrating along the straight line which 
is the geodesic in the flat metric. Thus, we take 



and find 



d{0,r') = / dX^ gij{x{X))x'xj 

•J 

= j dX^r"^ + hij{-rX)r^r^ 

= £ dX{r + ^h,j{fXyr^ + 0{h^)} 



r H r^r^Hji 

2r ^ 



where 



Hij = dXhij{Xr) 



This gives us the geodesic length between the two points to linear order in the background 
metric. In the following section, it will be most convenient to compare squared oscillator 
masses with the squared geodesic length, given by 

d^ = r^ + r'r^H,^ + 0{h^) (25) 
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3.1.3 Oscillator masses 



We now calculate the masses of the off-diagonal fields. From (|T2|), we find that the N = 2 
DO-brane action in the case of a transverse background metric has leading terms 

s = ^ldtTT{DtX'DtX' + ^[x\x^][x\x^] + zeDS-e[^,e]) 

1 /■ oo 1 

+ n dt J2 d,,---d,„K,T^^'--'^-^ (26) 

^ n=0 

Here, 

rpHiki-kr.) ^ ({DtX'DtX^ ~[X\X%X^,X^] (27) 

6] - \q^^[X\ 6]} X'^^ ■ ■ ■ X' 



j^rpij{k-i--kn) 

We note here that this is precisely the action for Matrix theory in a background hij to leading 
order in the metric. In the next section we will use exactly this action to calculate the one- 



loop potential between two gravitons, taking the same background (p3|), though allowing r 
to be a function of time. Such a calculation is simplest using a gauge fixed version of the 
action in which we choose the background field gauge, adding a term 



Sf,^ = ^j{-DtX^ + t[B\X']f 



plus the appropriate ghost terms. For later convenience, we will analyze this gauge fixed 
version, keeping in mind both the Matrix theory interpretation and DO-brane interpretations. 

Unlike the Matrix theory action, the complete DO-brane action contains additional terms 
both in the background intependent part and coupled to hij. However these cannot con- 
tribute to the quadratic action since they contain more than two matrices (eg X*, Fjj, 6) 
in which there are no entries depending only on background fields. Similarly, the terms 
rpij(kx---kn) ^ whose form has not been worked out for n > 1 involve at least two fermions G 
and one power of X or [X^X-'] and so contribute only cubic and higher order terms to the 
action, irrelevant for determining the oscillator masses or computing the one loop potential. 

We now replace X and 6 in the action with the matrices given in (^), and write down 
the terms in the action quadratic in the off diagonal fields z and x- If turns out that the 
symmetrization prescription for ordering the matrices in T^^C'^'"^"-) is very important here, 
since most of the orderings give no contribution to the quadratic terms we are interested in. 
For example, the first term in (^) contains a term 

^{d,, ■ ■ ■ dk^,) STr (X^X^- X^'i ■ ■ ■ X^-) 

1 1 " • 

= ir-Xdk,---dkM3) ^-5]Tr(X^X'=i---X'=-X^X'='"+^---X'=") 
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for which only the m = and m = n terms contribute to the quadratic action in the off 
diagonal field z. Summing over n, this contribution gives 



oo 



n=0 \"' "I" 



Z Z-' 



E 



n- 



^o(^ + l)' 



[r ■ dYK 



HijZ^ Z-' 



Note that the quantity Hij is simply the function hij integrated over the straight line tra- 
jectory between and r, 



/o 



hij{Xr)dX 



which also appeared at first order in the geodesic distance formula (|^). Using this definition, 
it is straightforward to write down the remaining terms in the quadratic actions for each of 
the off diagonal fields. 

Bosonic Terms 

In exactly the same way as for the terms just derived, we find that the complete set of 
terms to leading order in h for the nine transverse bosonic fields is 



Note that the matrix {6ij + Hij) multiplies all terms not containing h. Since the remaining 
terms are already of order h, if we redefine to eliminate this factor in the first terms, the 
remaining terms will only be changed at second order in h. After such a field redefinition, the 
kinetic term is proportional to the identity, and the squared oscillator masses are therefore 
given by the eigenvalues of the constant matrix 



M 



^2 . 



, 1 + Hrr)Ti-Qx9 + 



/ 








Hlr \ 



Hsr 
Hsr —2Hrr / 



Here, to simplify the formulae, we have made a rotation so that r lies in the 9 direction, 
which we refer to using the index r. It is straightforward to solve directly for the eigenvalues 
and eigenvectors of this mass matrix, and one finds to this order that the masses are 



rriy 



r\l + H„) 



rric. 



rHl + jHl + H„H. 



rHl-jHl + HriHir 



where the index i is summed from 1 to 8. The oscillators with masses mg and mg correspond 
to directions lying in the plane defined by the r direction and the perpendicular vector 
Hir. The remaining oscillators correspond to the directions perpendicular to these and have 
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masses which precisely match the geodesic distance (pS]) to leading order in h. The agreement 
between the masses of these perpendicular oscillators and the geodesic distance is precisely 
the criterion used by Douglas et al. in |T^, ^ to constrain the leading terms in multiple 
DO-brane action on certain classes of manifolds. The fact that the oscillators corresponding 
to fields not perpendicular to the separation have different masses is also expected. In the 
non-gauge fixed theory, the off-diagonal fields in the direction of the separation between the 
branes simply give a combination of a gauge rotation of the system and a relative motion of 
the DO-branes along a fiat direction. This effect explains the failure of the masses mg, itiq to 
satisfy Douglas's criterion. 

Gauge Field 

For a time independent r, there is no mixing between gauge field and the other bosonic 
oscillators in the quadratic action, and we find that the quadratic terms involving the off 
diagonal field zq are simply 

Sa = -zo{dt +r^ + r^H„]zo 

Hence, the off diagonal gauge field also has mass equal to the geodesic distance to leading 
order in h, 

ml = + Hrr ■ 

Ghost Fields 

Since our gauge fixing term does not depend on the background metric, the off diagonal 
ghost fields will have a mass given by m^ = r^, as in the fiat space case, with action 

Sa = -c{d^ + r'}c 

Fermionic Fields 

Proceeding in the same way for the quadratic fermion action, we find that the action 
quadratic in the off diagonal field x is 

Sf = -xA^dt + llp{r' + ^Hi,r^)}x^ 

Thus, in the presence of a background metric, the quadratic fermion action is only changed 
by a shift 

so the sixteen fermion fields x have a mass squared matrix given by 

Mj = l{r^ + Hi/r^ + 0{h^)) = lr\l + Hrr + 0{h^)) 
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We see that all the fermionic oscillators have a mass which reproduces the geodesic distance 
to leading order in h. 

Summary 

To summarize, we have found eight complex bosons (including the gauge field) and sixteen 
real fermions with masses equal to the geodesic distance between and r. Additionally, there 
are complex bosons with = r^(H- H^^^ + HriHi^) and = r^(l — ^Jll^~riL~H~) and 
two complex ghosts with = r^. 

Thus, the sum of the squared masses weighted by the number of degrees of freedom is 
identical for the fermions and the bosons (including the ghosts with negative weight), and 
for both sets of fields, the average mass squared per degree of freedom is exactly the geodesic 
distance (p5|). We have now seen that the geodesic distance criterion is precisely realized in 
the proposed multi-DO-brane action. 

3.2 Graviton interactions 

In this section, we use the general background Matrix theory action to study the interactions 
between two gravitons with unit momentum around a lightlike circle in a weakly curved 
space. In various cases, we will compute the one-loop effective action to first order in the 
metric and compare with the interactions expected from DLCQ supergravity with a curved 
background. 

The relevant matrix theory action and background are exactly the same as those consid- 
ered for DO-branes in the previous section. In this case, however, we do not wish to restrict 
to gravitons which are fixed in the transverse space, so we allow r to be a function of time. 

As for the case of fiat space Matrix theory, we should require that our background matrices 
satisfy the equations of motion. For block diagonal backgrounds, the equations of motion 
decouple for each block, so for our case, we require that r(t) satisfy the equations of motion 
derived from the U{1) action (^. For a metric which is non-trivial only in the transverse 
directions, the equations of motion are 

e = rVg'^'if^i^dmgMif^ - dk9mii^} (28) 

This is just the equation for a free non-relativistic particle moving in a curved space. 
We will consider two simple cases of trajectories which trivially satisfy these equations of 
motion. First, we may consider the static case f{t) = r(0). The second case is one for which 
the metric has a fiat direction i (so that hij = diQjk = 0) and we take the particle to have 
some velocity in this direction. In this case, the right hand side of ( pHf ) vanishes, so that 
r*(t) = r* + vH. 
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3.2.1 Supergravity predictions 

Before proceeding with the matrix theory calculation, we would like to see what supergravity 
predicts for the interaction potential between two gravitons in a weakly curved space. 

As above, we start with a static metric gij{x) = 6ij + hij{x) which is assumed to satisfy 
the source-free Einstein equations 

= Rij = ^{Ahij - didkhkj - djdkhki + didjhkk) + 0{h'^) (29) 

We may find the potential between a pair of gravitons in this space by treating one as a 
source for a perturbation about the metric g and reading off the potential from the probe 
action (|^), keeping only terms arising from the perturbation in the original metric due to 
the presence of the source graviton. 

For our source, we choose the graviton which sits at the origin of the transverse space 
with unit momentum in the compact direction. The stress-energy tensor for this particle 
still has only a single non-vanishing component, 

- ^ 5(f), 
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The presence of this graviton will result in a perturbation of the metric Qij which we denote 

by 7jj. The fact that T is the only non- vanishing component of the stress-energy tensor 

simplifies things considerably, and as with the fiat space case, we may solve the Einstein 

equation taking only the component 7 to be non-zero. In this case, the condition that 

the perturbed metric (7 + 7 should continue to satisfy the Einstein equation with source T 
reduces at leading order in 7 to the covariant Laplace equation, 

(7^^ V,V,7- = g'Kd^d, - T^,pk)l- = 2kI,T_. (30) 

(see, for example |^). We are only interested in the solution at leading order in h (the 
original background metric), so we expand 

7__ = 70 + 71 + 0{h^) 

Here 70 is the part independent of /i, equal to the flat space solution (ignoring non-numerical 
constants) 

15 , , 

70 = ^ (31) 

while 7i is the part linear in h. 

In the case where gij is the metric corresponding to some choice of coordinates on fiat 



space, the exact solution to (|30D must be given by a covariant version of (|3l|) , replacing r 



with the geodesic distance d between and r. In this case, using (^5]), we have 

15,1 7rV^' 
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In fact, this solves (|30|) to leading order in h in any case where the metric g is Ricci-flat as 
may be verified explicitly by substitution. The h independent part of (pOD reads 

and is just the statement that 70 is the solution for fiat space. The linear terms in h in 
equation (|30| ) read 

d'^li = hijdidj-fo + {dihik - -dkhii)dk'yo 

and substituting for 70 and 71 from (|3^) it is not hard to check that this holds, making use 
of the Ricci-fiatness condition (^), the identity 

d\h{\f) = (r ■ d)h{Xr), 

and various integrations by parts. This is done most easily by choosing coordinates so that 
h satisfies the harmonic gauge condition in which 

dihij = ^djh.i, Rij = d'^K, + 0{h^) 

Thus, to leading order in the backgrounds we are considering, the metric perturbation 
due to the presence of a graviton at the origin is simply 

where d is the geodesic distance between and x. Recalling the action (||) for the probe 
graviton moving in the metric produced by this source, we see that to leading order in the 
background, the curved space graviton-graviton potential is simply 

V = -^-^'^ 

In the next sections, we will carry out the graviton potential calculation in Matrix theory to 
compare with this supergravity prediction. 

3.2.2 Static case 

First, we consider the static case in which both gravitons have zero transverse velocity. In 
this case, as in fiat space, we expect the potential to vanish at leading order in the transverse 
metric, as shown above. 

For this case, we may directly apply the results of section The complete action 
quadratic in the off diagonal fields is 

S = Sb + Sa + Sp + Sg 
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Sa = -zo{dt+r^ + rVH,,}zo (33) 

1 

Sf = -Xa{idt + l'ap{r' + -Hif^}x(3 
Sg = -c{d^ + r^}c 

As argued above, this leads to eight complex bosons (including the gauge field) and 
sixteen real fermions with masses equal to the geodesic distance between and f as well as 
complex bosons with = r^(l + H^^ + HriHir) and m? = r^(l — ^jH^r + HriHir) and 
two complex ghosts with = r^. 

The vanishing of the one loop potential to leading order in h is ensured by the fact that 
the sum of the squared masses weighted by number of degrees of freedom is identical for 
the fermions and bosons (including ghosts weighted by -1). This follows since the one loop 
effective action depends only on the oscillator masses and is given by: 

det -\d^ + r\l + ^Hl + H„H,r)) det -\dl + r\l - ^H^ + HriH^)) 
= l + 0{h^) 

Hence, in the static case, we find agreement with our expectations from supergravity. 
3.2.3 Velocity dependent potential 

We now consider the case of two gravitons with relative velocity. Here, we assume that the 
particle with initial position r moves in a direction v which is perpendicular to r and in 
which the metric is fiat. In this case, we have shown above that supergravity predicts a 
potential 

where d is the geodesic separation distance. 

To simplify our calculations, we rotate coordinates so that r and v lie in coordinate 
directions which we denote by indices r and v. Thus 

gyv{x) = 1, g„.{x) = g^i{x) = d^gij{x) = 

These equations ensure that the matrix theory equations of motion (^) are satisfied for 
the trajectory f{t) = r + vt that we are considering. Expanding the action ( p3D about this 
background, we find that the quadratic action for the off diagonal fields is equal to the action 
for the static case (where r* is interpreted as r*(t) = r* + v^t) plus extra terms: 

Sy = 2iz'v'z^ - 2iz^v'z' 
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Note that these terms (in which the background appears as r rather than just r) come only 
from the flat space action, since in the metric dependent terms, X* only appears coupled to 
hij while r^hij = 0. As a result, the remaining calculation is almost identical to the fiat space 



calculation, performed in []_/]. To see this, we note that the complete action in this case may 
be written (eliminating a factor {Sij + Hij) as above to diagonalize the boson kinetic term) 

S = Sb + Sa + + Sp + Sg 
Sb = -z'{{d^ + + vH^)}z' 

+z''{r^Hri}z' + z'{r'^Hir}z' + z'" {Hrirvt}z' + z' {Hirrvt}z'' 
Sa = -Zo{d^ + (f + vH^}zo 
= 2iz'v'z^ -2iz%'z' 

Sf = -Xa{idt + lif^id' + vH)}xp 
Sg = -c{d^ + d^}c 

+c{Hrr}c 

where we have defined 



d' = r' + -Hijr^ 



1 

2^ 

so that d'^ is the squared geodesic distance. Apart from the terms with explicit factors of 
H in the boson and ghost actions, this is exactly the fiat space action with r* replaced by 
c?*. Recalling the fiat space calculation, we see that at zeroth order in H, the oscillators 
z\ i = 1, ■ ■ ■ , 7, and z^ are degenerate with mass d'^ + w^t^ while z"" and z^ combine into 
oscillators with non-degenerate masses (c?^ + f^t^ ± 2v). Adding the perturbation 

z''{r^Hri}z' + z'{r'^Hir}z'' + z^'iH^rvtjz' + z' {Hirrvt} z'' (34) 

we note that the last two terms do not affect the masses at leading order in h, since if 
we change coordinates to diagonalize the leading order mass matrix, these contribute only 
to non-diagonal matrix elements connecting eigenvectors of different mass. (Recall from 
basic perturbation theory that for eigenvectors l^i), ■ ■ ■ \An) with degenerate zeroth order 
eigenvalues and eigenvectors |-Bi), ■ ■ ■ with non-degenerate zeroth order eigenvalues that 
the first order shift in the eigenvalues for \Bi) come only from the matrix element {Bi\M\Bi) , 
while the first order eigenvalues for the space spanned by \Ai) are determined only by the 
submatrix {Ai\M\Aj)). 

The first two terms in (|3l) have the same effect as they did in the static case, to shift 
two of the degenerate boson masses by 



= — it G 

Meanwhile, the perturbation in the ghost action shifts the two ghost masses by 

Ami = -Hr 



9 



'■rr 
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Defining 

F{x) = det{d^ + {<f -x)+ vH^) 

we find that since all of the mass shifts are time independent, the one loop effective action 
is simply 

AT jr,, F{Hrr)F{Hrr) 

e = e " 



F{Hrr + G)F{Hrr - G) 

where is the fiat-space potential with r replaced by the geodesic length d. We conclude 
that the leading order one loop potential is simply given by 

V = -'-^^- 
16c/7 

as predicted by supergravity. 

4 Discussion 

In this paper we have derived the leading terms in the multiple DO-brane action in a weakly 
curved background metric, dilaton, and antisymmetric tensor background fields. This action 
was derived by using Seiberg's scaling arguments on an action we recently proposed for the 
M(atrix) model of M-theory in weak background fields. We found explicit forms for the 
IIA stress-energy tensor of a multiple DO-brane system, as well as the components of D2- 
brane, D4-brane, D6-brane and fundamental string currents which couple to the background 
R-R and B fields of the IIA theory. We tested our action by verifying that it satisfies 
Douglas's geodesic length criterion. We also showed that the corrections to the one-loop 
effective potential between a pair of individual 0-branes correctly reproduce curved space 
supergravity results. 

The results presented in this paper give for the first time a systematic description of the 
linear coupling between a system of multiple D-branes and background supergravity fields. 
There are a number of previous discussions of this sort of action in the literature to which 



our results can be related. In [^, Douglas, Kato and Ooguri used Douglas's geodesic length 
criterion and other axioms including an assumption of supersymmetry to constrain the form 
of the multiple D3-brane action on a transverse Kahler manifold. They compute the first 
few correction terms in terms of the curvature tensor Rij^i of the background. They show 
that the first term, corresponding to our coupling 

{d.^.AjK^'"''^ (35) 

is uniquely determined by the geodesic length criterion. The linear part of the term they find 
indeed has the same form d^hTr -|- X^) as our result for this term. Their approach 

is not able to uniquely determine the higher order terms, but our results are compatible 
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with the general structure of the hnear parts of the structure they find at higher order. It 
is interesting that they are able to determine the form of some of the quadratic couplings in 
their work as well as the linear terms. 

It is natural to try to extend the results of this paper to determine the quadratic and 
higher order couplings between a system of many D-branes and the supergravity background 
fields. In it was suggested that the coupling to nth order terms in the background could 
be determined by a n-loop calculation in matrix theory. The results of Okawa and Yoneya on 
3-graviton scattering in matrix theory ^ seem to indicate that this may work at least to 
quadratic order in general backgrounds, although there are indications ^ ^ that there 
may be problems with extending this approach to higher order. In any case, even the two- 
loop calculation would be quite challenging to work out for completely general background 
configurations, so it would be nice to find a simpler approach. The terms coupling the 
open string fields of the D-brane system to any number of bulk supergravity fields can of 
course in principle be determined by a perturbative string calculation. These calculations 
are quite complicated, however, even for the linear coupling terms discussed in this paper. 
(For recent work computing the curvature squared terms in the single D-brane action see 
p5|). Furthermore, the results we have given here extend to arbitrary derivatives in the 
background fields and contain a correspondingly arbitrary number of D-brane fields. It is 
difficult to imagine reproducing such results from perturbative string theory. Despite these 
difficulties inherent in a systematic derivation of the higher order coupling terms, it may be 
that the symmetries of the theory and the geodesic length criterion are sufficient to determine 
the structure of some of the higher-order terms. The results of on Kahler manifolds 
indicate that it is indeed possible to learn something about about the higher order terms 
using this approach. In this paper we have found that the combinatorial structure of the 
higher moment terms is crucial in fixing the masses of off-diagonal strings in accord with the 
geodesic length criterion. This indicates that this condition will place strong constraints on 
the possible form of the higher order couplings to the background. Another approach which 
might help extend the results here to higher order is to find the symmetry principle which 
corresponds to general coordinate invariance for the multiple DO-brane system. Because 
the coordinates enter the theory as matrices, there are ordering ambiguities in determining 
how the operators describing the DO-brane system transform. If this symmetry could be 
understood in a systematic fashion, it would quite possibly uniquely determine the higher 
order couplings of the multiple D-brane system to general backgrounds. 

The approach we have taken here to describing matrix theory and multiple DO-brane 
systems in curved backgrounds is to assume that the action in a weak background can be 
written as a matrix quantum mechanics theory with a systematic expansion in powers of the 
background field strength. This approach certainly seems valid for linear couplings to the 
background. It is not clear, however, that such an approach can be extended to all orders. In 
in fact, it was argued that even on simple manifolds like K3 or ALE spaces it may not 
be possible to describe DLCQ M-theory using a finite size matrix quantum mechanics theory. 
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We are not sure at this point how the approach we have taken here fits with the results of 
those papers. One possibihty is that the perturbation expansion we are considering in powers 
of the background field will not converge to a well-defined theory when higher order terms 
are taken into account and the background is of the form considered in 37 1. Indeed, the 
results of those papers indicate that the expansion in weak backgrounds may break down at 
quadratic order in the curvature of the background^. Another possibility is that either the 
restriction to light-front coordinates in M-theory or the fact that in the Seiberg limit the 
scale of the metric structures of interest becomes smaller than the string length may have 
a subtle effect on the relationship between the supergravity and open string descriptions of 
graviton interactions, leading to some modification in the conclusions of It is clearly 

a very important question whether a good low-energy description of DO-branes can be given 
which maps to M-theory in the Seiberg limit, but we leave a further resolution of this issue 
to further work. 

In this paper we have focused on the action for a system of DO-branes in a weak super- 
gravity background. It is possible, however, to T-dualize the action we have given here to 
get an action for Dp-branes of arbitrary dimension in a weak background. One particularly 
interesting case is that of D3-branes. The T-duals of the currents we have determined in 
this paper are linear combinations of the operators in the A/' = 4, D = 3 + l super Yang-Mills 
theory on the world volume of a system of many D3-branes which lie in the short represen- 
tations of the S'f/(2,2|4) superconformal symmetry group of the theory. These operators, 
which couple linearly to the supergravity background fields, play a crucial role in the sim- 
plest version of Maldacena's AdS/CFT correspondence [Q. For the fields associated with 
the lowest partial waves of bulk fields in the AdS space, some of the corresponding operators 
were found from the Born-Infeld action in pSI, HDI, ffTl O . All the other lowest partial wave 
operators are in principle determined by supersymmetry and group theory from the weight 
2 operator Tr X^'''X^\ following ESI HI, M and related work. Although these operators 



have played a fundamental role in understanding the detailed structure of the AdS/CFT 
correspondence, only a few of these operators have been described explicitly in terms of 
the component fields in the D3-brane world-volume theory. In addition, to date no general 
method for understanding the structure of the higher partial wave operators (which corre- 
spond to the higher moments of our currents 1'^'^"'^ through T-duality and which are related 
through supersymmetry to the higher weight chiral primary operators Tr X^^"^ ■ ■ ■X*'=^) has 
been presented in the literature, although some discussion of particular operators of this 
type was given in, for example, 0. In a separate paper we will discuss more details of 
the connection between the results presented here and the operators which are used in the 
AdS/CFT correspondence for 3-branes. 

A feature which emerges from the results of [p^ |T5|, |1^ and the extension of this work in 
the present paper is the characteristic form of the higher moments of the currents which 
couple to the derivatives of the background supergravity fields. In general, we find that the 



^Thanks to H. Ooguri for correspondence on this point. 
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nth moment of the current has contributions of the form 



e-^") = Sym (4;X-,X-, . . .X-) + 7^^-^^) (36) 

where the first term on the RHS is a bosonic contribution to the higher moment given by 
a symmetrized trace of the polynomial giving the monopole moment of Ix with a product 
of n X's, and the second term contains fermionic contributions to the higher moment. The 
fact that all the monopole moments of the currents as well as their higher moments can be 
expressed in a symmetrized trace form is reminiscent of Tseytlin's suggestion ^ for using 
the symmetrized trace to resolve ordering ambiguities in the nonabelian Born-Infeld action. 
Indeed, the components T of the IID stress tensor are precisely the symmetrized 
terms appearing at fourth order in the nonabelian Born-Infeld action proposed by Tseytlin. 
This structure may be helpful in trying to predict the form of higher-order terms in the 
action without doing explicit matrix theory or string theory calculations. This structure 
is also helpful in understanding previous work in which higher partial waves of operators 



on the D3-brane play a role. In particular, in |^ the rate of absorption of higher partial 
waves of minimally coupled scalars in an extremal D3-brane background was computed in 
supergravity and compared to a D3-brane world-volume calculation. While the analogous 
calculations for s-wave absorption can be matched precisely including numerical coefficients, 
for partial waves with Z > 1 a discrepancy was found in between the results of these two 
calculations. The authors suggested that this discrepancy might arise because the higher 
partial wave operators were not correctly normalized. The results we have given here suggest 
by T-duality that they indeed used the correct normalization, but that the operators they 
used should have a symmetrized trace with respect to orderings of the fields. This additional 
information seems to help resolve the discrepancy found in [00. A more detailed discussion 
of the resolution of this problem will be described in a future publication. 
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A Supercurrents from matrix theory 

We reproduce here for convenience the matrix theory forms of the multipole moments of 
the IID supercurrent found in [13, |T^]. The stress tensor T^"^, membrane current J^"^^ and 



^Thanks to Steve Gubser and Igor Klebanov for discussions on this point 
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5-brane current M^'^^^^^ have integrated components 

r++ = 4sTr (1) 
R 

= ^STi I^XiX. + FikFkj- ^9j'[X„ 9]- ^e^^lX,, 9] 
T * = {l^-^i-^i-^j + '^^i^jkFjk + FijFjkXkj 

-^STr {9^Xk[Xm, 9fs]) {j%m + I'^mk - 27'"4^}a/3 
oil 

Tf — ^STr (^FabFbcFcdFda — -^FabFabFcdFcd + ^r^r'T'^FafeFcdDa^' + 0(6'^) 
J"-'' = ^SIY(F,,) (37) 
^^-^ = ^STr (F,,X,-^^[X„^] + i^7''^l[^;^,^]) 

= ^STr [x.F^k + ^.-i^fci + ^i^i, - \9l^'''\Xu 9]) 
J~^^ — ^^'^ [+XiXkFkj — XjXkFki — -XkXkFij + -FijFkiF^i + Fn^FkiFij^ 

+ ^STr {9^Xk[Xm, 90]) {j^'^'^"'^ + ^^"'^^ - ^^'"'^5kj + 25jmSki - 2SimSkj}aP 

+ ^STr {9MXm, 9/3]) {l^^'^Smi - l^'^'^Smj + 2^^''^^,^ + 2j%kSim - 2j%kSjm 
+2-f^5ii5km - 2Y5ji5km}ap 

+-^STr (9'y^'''^^9 9'y''9 - 9^^'^^9 99) 

M+-^'=' = J_STr (F,,.F,, + F,,F,, +F,,F,., + ^7[^-^'[X^e]) 

" Ir^^^ [x^rFjkFim] - ^-9X^'i^''\X"\9] - l^F[*^7'^Hy [x^ 9]) . 

Time derivatives are taken with respect to Minkowski time t. All expressions have been 
written in a gauge with Aq — 0. Gauge invariance can be restored by replacing X with DfX. 
Indices . . . run from 1 through 9, while indices a,b, . . . run from through 9. In these 
expressions we have used the definitions Fqj = X^,Fij — i[X^,X^]. We do not know of a 
matrix form for the transverse 5-brane current components M*-^'^'"*". 
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The higher multipole moments of these currents are given by 

ji^Ki,.-^^ ^ Sym(J^■^^;X^...,X^'=) + 4;^£r'=^ (38) 
where some simple examples of the two-fermion contribution to the first moment terms are 



1 



The remaining two-fermion contributions to the first moments and some four-fermion terms 
are also determined by the results in [|T^] . 

There are also fermionic components of the supercurrent which couple to background 
fermion fields in the supergravity theory. We have not discussed these couplings in this 



paper, but the matrix theory form of the currents is determined in [13] 

There is also a 6-brane current appearing in matrix theory related to nontrivial IID 
background metrics. The components of this current as well as its first moments are 

= -^STr {F[,,FkiFmn]) 
3+'^'^'^^'^^ = -^STr (%Ffc;F„„]Xp - ^F[fc;F„„7p,,,]^) (39) 
^'^■'''""^ = -^STr (%Ffc,F^„Xp] + (e2^^nerms)) 

gijklmnp{q) ^ ^^'^^ (^F[ijFklFrnnXp]Xg — 6 XyFklFmnJpqr]^ + -0 FykFlmFnp'Jqrjd^ 
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